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Exercise 2

Verify that in spherical coordinates δ = δrδr + δθδθ + δφδφ.

Solution

The Left-hand Side

In Cartesian coordinates we have for the unit tensor

δ =

3∑
i=1

3∑
j=1

δiδjδij

=
3∑
i=1

δiδi

= δ1δ1 + δ2δ2 + δ3δ3

or

= δxδx + δyδy + δzδz.

The Right-hand Side

In Cartesian coordinates the unit vectors in spherical coordinates are

δr = sin θ cosφδx + sin θ sinφδy + cos θδz

δθ = cos θ cosφδx + cos θ sinφδy − sin θδz

δφ = − sinφδx + cosφδy + 0δz,

so the unit dyads δrδr, δθδθ, and δφδφ are

δrδr = [(sin θ cosφ)δx + (sin θ sinφ)δy + cos θδz][(sin θ cosφ)δx + (sin θ sinφ)δy + cos θδz]

= δxδx sin
2 θ cos2 φ+ δxδy sin

2 θ sinφ cosφ+ δxδz sin θ cos θ cosφ

+ δyδx sin
2 θ sinφ cosφ+ δyδy sin

2 θ sin2 φ+ δyδz sin θ cos θ sinφ

+ δzδx sin θ cos θ cosφ+ δzδy sin θ cos θ sinφ+ δzδz cos
2 θ

δθδθ = [(cos θ cosφ)δx + (cos θ sinφ)δy − sin θδz][(cos θ cosφ)δx + (cos θ sinφ)δy − sin θδz]

= δxδx cos
2 θ cos2 φ+ δxδy cos

2 θ sinφ cosφ− δxδz sin θ cos θ cosφ

+ δyδx cos
2 θ sinφ cosφ+ δyδy cos

2 θ sin2 φ− δyδz sin θ cos θ sinφ

− δzδx sin θ cos θ cosφ− δzδy sin θ cos θ sinφ+ δzδz sin
2 θ

δφδφ = [− sinφδx + cosφδy + 0δz][− sinφδx + cosφδy + 0δz]

= δxδx sin
2 φ− δxδy sinφ cosφ− δyδx sinφ cosφ+ δyδy cos

2 φ.

Adding them all together, we find that δrδr + δθδθ + δφδφ = δxδx + δyδy + δzδz. Therefore,
δ = δrδr + δθδθ + δφδφ.
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